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Abstract— The benefits of automated driving can only be fully
realized if the occupants are protected from motion sickness.
Active suspensions hold the potential to raise the comfort level
in automated passenger vehicles by enabling new functionalities
in chassis control. One example is to actively lean the vehicle body toward the center of the corner to counteract the
inertial lateral acceleration. Commonly known as curve tilting,
the concept is deemed effective in reducing postural disturbance
on the occupants and the visual-vestibular conflict when the
occupants do not have an external view. We present in this
article a nonlinear model predictive control (NMPC) method
for the curve tilting functionality. The controller incorporates
the nonlinear suspension forces in the prediction model to help
achieve high tracking accuracy near the physical limit of the
suspension system. The optimization process is accelerated with
an explicit initialization method that is based on piecewise-affine
(PWA) modeling and offline solution to an alternative optimal
control problem (OCP). The controller is able to operate at
20 Hz in a hardware-in-the-loop (HIL) setup. Given sufficient
computational resources, we observe a significant reduction in
the lateral acceleration sensed by the passenger over a vehicle
with passive suspensions, namely, by 46.5%, 25.4%, and 25.4%
in the highway, rural, and urban driving scenarios, respectively.
The NMPC also outperforms the baseline proportional-integralderivative (PID) controller by achieving lower tracking error,
namely, by 12.9%, 16.4%, and 38.0% in the aforementioned
scenarios.
Index Terms— Active suspension, model predictive control,
motion comfort, real-time optimization.

I. I NTRODUCTION
A. Motivation and Background

A

UTOMATED driving is expected to free the human
drivers from performing the dynamic driving task, allowing them to engage in secondary activities [1]. Carrying
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Fig. 1. Observer model of motion sickness according to the sensory conflict
theory, adopted from [7].

out productive or recreational activities during daily transit
significantly benefits both individual car users and the entire
society. However, by taking the eyes off the road, the occupants inside a car are exposed to a higher risk of developing
motion sickness [2]. Symptoms of motion sickness, including
dizziness, drowsiness, headache, nausea, etc., may harm the
occupant’s task performance and willingness to perform the
task [3]. Apparently, the anticipated benefits cannot be fully
realized if motion sickness remains a challenging problem.
Hence, the comfort of automated vehicles is receiving more
research interest.
Among all forms of motion that a passenger vehicles
exhibits, comfort related to the vertical motion has been
studied extensively in the past. The suspension system plays
an influential role in vertical comfort by filtering out the disturbances in the vertical direction which are mainly introduced by
road irregularities. The suspension system fulfills the role by
supporting the vehicle body with the properly chosen stiffness
and damping parameters. The parameters aim to minimize
the transmission of vertical disturbances while taking into
account the human body’s frequency sensitivity to vibrations.
However, optimizing solely for comfort sacrifices safety, as the
wheels’ contact with the road becomes less stable. This brings
up the trade-off problem when the suspension components
have only one set of fixed parameters [4]. The introduction
of selective, semi-active (continuous damping), and active
suspensions allowed the vertical dynamics to adapt to the
road condition and the user’s preference [5], [6]. Meanwhile,
comfort related to the planar motions (i.e., longitudinal, lateral,
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Fig. 2. Balancing centrifugal force with gravity by leaning the body of a
single-track vehicle inward.

and yaw) of a vehicle is not well-developed. The control of
the planar motion has always been considered as the human
driver’s task before automated driving emerged. According to
the visual-vestibular conflict theory [7], motion sickness is
induced by the difference between ego-motion sensed from the
eyes and the vestibular system (see Fig. 1). When the occupants direct their gaze away from the external surroundings,
their eyes perceive the ego-motion as almost static, while the
vestibular system still senses the vehicle’s movements. In this
case, it is potentially effective to minimize the acceleration
sensed by the vestibular system. The sensed acceleration can
be expressed as the actual centrifugal acceleration introduced
by the planar motion multiplied with the transmission ratio
from the chassis to the occupant. The former is determined
either by the driver in a conventional vehicle or by the motion
planning and control algorithms in the case of automated
driving. For minimizing the transmission ratio, a concept of
actively leaning the vehicle body toward the center of the
corner has been implemented and is deemed effective [8].
The concept resembles the cornering behavior of single-track
vehicles (e.g., bicycles and motorcycles). By rotating the
vehicle body around the roll axis, the gravity is exploited to
counteract the centrifugal force (see Fig. 2). Early applications
were mainly found on railway vehicles [9] aiming to shorten
the travel time without modifying the existing track or sacrificing comfort (see Fig. 3). The function had not become
available on passenger vehicles until the 2010s and is only
found on high-end passenger vehicles at this moment [10].
The major limiting factors include the complexity and cost of
a capable actuator as well as the less predictable motion due to
human drivers. In general, road vehicles experience far more
dynamic maneuvering than railroad vehicles. The quick changing of the direction and large magnitude of acceleration is
highly demanding on the actuator’s output, whereas the space
allocated for suspension struts is limited. However, the way
automated vehicles shape future mobility may see a wider
application of active suspensions. On one hand, the concept
of shared mobility could lower the customers’ sensibility to the
manufacturing cost of a single vehicle [11]. More importantly,
automated driving allows more potential in the active tilting
and other functions enabled by active suspensions.
The state-of-the-art approach of the active curve tilting
functionality is based on the preview of road curvature using

Fig. 3. Advanced passenger train prototype vehicle undergoing the test for
maximum tilting angle [12].

stereo cameras, combined with proportional-integral-derivative
(PID) control [8]. Previewing curvature alone is not sufficient
for predicting the vehicle’s planar motion and is a compromised solution for vehicles with little to no automation.
With the human driver in the loop, the longitudinal velocity
can only be predicted by understanding the driver’s intention
and the surrounding traffic situation. However, this cannot
provide a precise value of the velocity at a certain time ahead.
Similarly, the steering action may be presumed by the lane
mark and the usage of turning indicators, as implemented in
lane-keeping assistance [13]. Nevertheless, such estimation has
limited precision, and the actual moment and magnitude of
the steering input remain uncertain. With these uncertainties
in predicting the steering action, it is difficult to determine the
tilting manner of the vehicle body to effectively minimize the
lateral disturbance exerted on the occupants. Meanwhile, these
uncertainties also harm the control quality of the roll motion.
The acceleration (or deceleration) and steering inputs influence
the attitude of the vehicle body by causing longitudinal and
lateral load transfer, which further exerts additional vertical
forces on the suspensions at different locations. Only with
reliably predicted planar motion can such forces be estimated
in advance and requested from the active suspensions to
prevent the vehicle body’s attitude from being disturbed. The
PID control method, as currently implemented in the automotive industry, exhibits certain disadvantages in this specific
application. To maximize the utilization of the stroke length
available, the system inevitably operates in the nonlinear range
of the spring where linear methods are perceived as less
capable. When operating close to certain constraints (e.g.,
physical limit, actuator’s capability) in the system, PID cannot
explicitly avoid violations, potentially causing damages to the
suspension system in the long term and raising the operational
cost of the vehicle.
Alternatively, nonlinear model predictive control (NMPC)
is known for its capability of explicitly handling nonlinear
system dynamics and constraints. Model predictive control
is an optimization-based control method that determines the
control input by minimizing a cost function while satisfying
certain constraints. Based on the prediction with a model
of the system’s dynamics throughout a certain prediction
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horizon, the cost function accumulates the control effort and
the consequential error. By minimizing the cost function,
the controller computes the control input that yields an optimal
trade-off solution between quality and actuation expenses.
Nonlinear MPC is a branch of MPC that allows predicting
with nonlinear models and can handle nonlinear constraints
if necessary. The underlying numerical optimization problem
is more complex than in a linear MPC, where the prediction model and constraints are linear and the cost function
is typically quadratic. With few exceptions (e.g., quadratic
programming as in a linear MPC), optimization of a nonlinear
non-convex cost function requires intensive computation. The
main contributor to the computational burden is the complexity
of the prediction model that allows the evaluation of the
cost function. The evaluation of the cost function is done by
simulating the system behavior with the prediction model by
means of numerical integration. On top of that, most nonlinear
optimization algorithms, including gradient descent, sequential
quadratic programming, interior-point method, etc., use the
gradient information of the cost function, which is determined
numerically if the analytic form of the gradient function
is unavailable. The numerical differentiation method further
increases the computational cost. Hence, the dimensionality
of the input also plays a role. Another contributing factor
to the complexity is the non-convexity of the cost function.
In practice, it is difficult to verify the convexity of a cost
function. Hence, the number of local optima in the function
should be considered unknown. Running the aforementioned
nonlinear optimization algorithms for one time without proper
initialization is at the risk of converging to a local minimum
that does not yield a reasonable control input. This problem could be tackled with global optimization heuristics, for
example, multistart local search, evolutionary algorithms, and
simulated annealing. Such approaches are successful in raising
the chance of avoiding local minima but are computationally
less efficient. In the case of vehicle dynamics, some studies run
NMPC controllers at 20 Hz [14], [15], while linear controllers
such as PID and linear quadratic regulator (LQR) can operate
at 100 Hz. This makes the aforementioned heuristics that
demand heavy computation less desirable in this specific application. Instead, the warm-start technique has been explored to
enable real-time implementation of NMPC in vehicle dynamics control. One of the approaches is to initialize the upcoming
optimization process using the results of the previous step [16].
The method is effective if the plant is modeled with sufficient
accuracy and the magnitude of the disturbance is limited.
Only under such conditions, the prediction coincides with
the actual behavior of the system and the previous result is
still feasible, although not necessarily optimal due to the shift
in the prediction horizon. Otherwise, the actual state at the
next step may deviate largely from what is predicted and the
corresponding control input does not yield a good initial guess
anymore. Instead, some studies propose to initialize online
optimization with an explicit control law [17]. The explicit
control law is computed offline by approximating the optimal
solution of the optimization problem with PWA functions.
The approach of explicitly initializing the NMPC with an
alternative suboptimal controller has been proposed in [18]
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and tested with an arbitrary mathematical model. A similar
method was implemented in [19], where the explicit controller
is computed by solving a comparable hybrid MPC problem
offline. The controller aims to stabilize the excessive yaw and
lateral motion of a passenger vehicle in case of a rear-end
traverse impact. Such approaches effectively move a portion
of the computational effort offline and better use the onboard
storage resource.

B. Main Contributions of the Study
In this study, we present an NMPC control method for the
curve tilting functionality that uses explicit initialization to
accelerate the solution process for real-time implementation.
The system currently relies on a velocity-dependent curvature
preview strategy, which will be replaced in the future by an
optimization-based reference generator that cooperates with
the motion planner. The main contributions of this study
include:
1) The application of NMPC to active suspensions
for improving lateral motion comfort. The controller
directly incorporates the significant nonlinearities of
the suspension system within the prediction model,
maximizing the range of operation with high tracking
accuracy.
2) A tailored explicit initialization scheme to accelerate
the solution process in NMPC. A hybrid model of the
quarter-car dynamics is formulated, which approximates
the nonlinear suspension forces with PWA functions.
The resulting hybrid MPC problem is solved offline to
yield a good initial guess to the optimization process in
the NMPC after further combining with a disturbance
estimator capturing the features of rigid-body dynamics
that a quarter-car model cannot.
3) A quantitative evaluation of the impact of active tilting
concept on lateral motion comfort. The human body’s
frequency-dependent sensitivity to lateral disturbance is
taken into account, with a focus on the range where
motion sickness is provoked the most.
4) An HIL experiment on the feasibility of the real-time
implementation of the proposed NMPC controller. The
hard real-time setup verifies that given very limited computational resources, the NMPC can return the optimized
control input within the required sampling time. With
a reduced number of iterations, the NMPC can still
maintain a satisfactory level of control performance that
is superior to the baseline PID controller, thanks to the
explicit initialization scheme.

C. Article Structure
The control method is described in detail in Section II.
Section III explains the setup for PC-based and HIL simulations, and the results are presented and discussed in Section IV.
Section V summarizes the contribution of the study and indicates future possibilities for further enhancing planar motion
comfort in automated vehicles.
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Fig. 4. Schematic drawing of the proposed control approach. The components
inside the dashed rectangle belong to the explicit initialization scheme. The
NMPC solver takes inputs from the reference generator, the vehicle’s onboard
sensors, and the output of the initialization to compute an optimal control input
to the active suspension actuators.

II. C ONTROL A PPROACH

Fig. 5. Reference motion and resultant lateral acceleration sensed by the
passenger are plotted versus the previewed lateral acceleration. The previewed
lateral acceleration is estimated with the current velocity and the curvature of
lane center at 1 s of time ahead.

the smooth steady-state reference curve, we further applied
a low-pass filter on the previewed acceleration, to generate
feasible and comfortable reference motion even when the
curvature changes abruptly. The filter is defined as

This section presents in detail the control approach to the
curve tilting application. The control system’s main objective
is to ensure that the vehicle body’s roll angle accurately
follows the reference value. The functionality is enabled by
active suspension actuators that generate the desired amount of
additional vertical force, as commanded by the controller. The
force commands are computed under the framework of NMPC.
The underlying numerical optimization process is accelerated
with a novel explicit initialization method. The control scheme
is explained in Fig. 4, and the components will be explained
in Sections II-A–II-E.

where ωn and ζ are the natural frequency and the damping
coefficient of the filter, respectively. A second-order filter is
chosen such that the roll acceleration is bounded and the
roll velocity is continuous. The filter exhibits an over-damped
behavior (i.e., ζ > 1), which eliminates overshoot and residual
oscillations in the reference motion.

A. Reference Motion

B. Prediction Model

The desired manner of active roll motion is designed
according to comfort-related requirements and physical limitations. The reference roll angle is a function of previewed
lateral acceleration on the vehicle chassis at 1 s ahead. The
permissible roll angle can reduce the lateral acceleration by at
most 0.5 ms−2 from what is exerted on the passenger. As the
lateral acceleration builds up, it would be undesirable if the
roll angle approaches the saturation value with a high velocity.
Hence, we adopted a smooth curve shape for the transition (see
Fig. 5). A half period of a sinusoid is placed at the origin,
connecting two linear sections with constant value

 


k1 sin k2 a y,prev , k2 a y,prev  ≤ π/2
ss


(1)
φref =
k2 a y,prev  > π/2.
k1 ,

The motion regimes of interest include the vehicle body’s
roll, pitch, and heave, noted by φ, θ , and z, respectively. They
must be modeled as a whole as these motions interact with
each other through the rigid vehicle body. The equations of
motion are as follows [20]:


Ixx φ̈ = Fz,FL + Fz,RL − Fz,FR − Fz,RR B/2

 

−m spr a y h cg − h cr − Izz − I yy θ̇ ψ̇




I yy θ̈ = Fz,RL + Fz,RR L R − Fz,FL + Fz,FR L F


−m spr ax h cg − h cp + (Ixx − Izz )ψ̇ φ̇

The parameter k1 is set to equal the maximum permissible
roll angle φmax . The parameter k2 is chosen to meet the
following boundary condition:
ss 
1
dφref

(2)
a ssy,prev =0 = k1 k2 =
ss
da y,prev
g
where g is the gravitational acceleration. This equation
expresses the requirement that the slope of the tangent line of
the curve at the origin should result in zero lateral acceleration
to be sensed by the passenger. It ensures that the minor
lateral disturbances are fully compensated for. In addition to

a y,prev (s) =

ωn2
a ss (s)
s 2 + 2ζ ωn s + ωn2 y,prev

m spr z̈ = Fz,FL + Fz,FR + Fz,RL + Fz,RR

(3)

(4)

where h cg is the static height of the center of gravity, and
h cp and h cr stand for the static heights of the instant centers
of pitch and roll rotations, respectively. The longitudinal
distances from the center of gravity of the sprung mass m spr to
the front and rear axle are denoted by L F and L R , respectively,
whereas the track width of the vehicle is represented by B. The
vertical force at each wheel Fz,∗ (where ∗ ∈ {FL, FR, RL, RR}
stands for wheel locations) is a function of the motion states
plus the control input from the active suspension actuator Fact,∗


Fz,∗ = f ∗ φ, φ̇, θ, θ̇ , z, ż + Fact,∗ .
(5)
The planar motions (i.e., longitudinal, lateral, and yaw) are
excluded as they are governed by either a human driver or
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the motion planning and control on an automated vehicle.
Still, the planar motions have a strong influence on these
modeled motions. The inertial acceleration causes load transfer
in the longitudinal and lateral directions, exerting additional
pitch and yaw moments on the vehicle body. The yaw motion
is coupled with pitch and roll according to the rotational
dynamics of a rigid body governed by Euler’s equations.
Suspension forces are the key characteristics to describe
in the prediction model. The common approach to suspension control assumes constant spring stiffness and damping
coefficient, to obtain a linear model [21], [22]. Since we
aim to maximize the utilization of wheel travel for the tilting, the suspension is stretched or compressed to an extent
that the linear approximation is no longer valid. On one hand,
the kinematics of the suspension system is constrained by its
geometry, which is optimized for a linear relationship around
the neutral position. As the wheel moves farther away from
the neutral position, the control arms rotate largely that the
validity of the small-angle approximation no longer holds.
Consequently, the compression or stretching of the spring
and damper is not proportional to the wheel displacement.
In addition, the forces on the spring and damper are not
proportional to their displacement or velocity, either. In practice, the spring has a stiffness that gradually increases when
compressed, which together with the buffer block protects the
components from physical damage due to excessive wheel
movements. Meanwhile, the dampers usually exhibit degressive characteristics (i.e., the force-to-velocity ratio decreases
as the velocity increases) which prevent the hydraulic cylinder
from over-pressurization. Besides, the damper generates less
force in the compression stroke than in the stretching stroke.
This is mainly done for minimizing the transmission of road
disturbance in case an upward impact exerted on the wheel
(e.g., when driving over speed bumps or debris), which is
more frequently experienced [23]. These nonlinearities can
be captured at once by determining the function of force-todisplacement and force-to-velocity relationships. The relevant
data can be obtained from the simulation model.

C. Optimal Control Problem
The MPC determines the control input by solving an optimal
control problem (OCP) at each time step. An optimal control
input sequence of finite length is calculated by minimizing a
cost function and the first input in the sequence is forwarded
to the controlled system. The OCP is formulated as
min JNMPC (u)
u

s.t.

umin ≤ u ≤ umax .

(6)

The cost function J reflects the priorities of the state tracking errors and control efforts and focuses on a finite horizon
from the current moment. In this study, we use a quadratic
cost function integrated through the prediction horizon

J=
t0

t0 +tp




(x t − xref )T Q(x t − xref ) + u t T Ru t dt

(7)
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TABLE I
W EIGHTING PARAMETERS OF THE NMPC

Fig. 6. Suspension force characteristics according to the actual multibody
model and the hybrid model for quarter-car dynamics.

where the states, reference states, and inputs are defined as

T
x = φ, φ̇, θ, θ̇ , z, ż
xref = (φref , 0, 0, 0, 0, 0)T
T

u t = Fact,FL , Fact,FR , Fact,RL , Fact,RR .

(8)

The cost function is evaluated by means of numerical
integration with an Euler step of 50 ms. The control input is
fixed through the prediction horizon tp , i.e., the number of
decision variables is 4. The inputs are bounded within the
capability of the actuators. Due to the limited information
available for predicting the vehicle’s planar motion, the exogenous disturbances are assumed constant through the prediction
horizon of 0.4 s. The assumption may not be valid for more
dynamic situations and could be improved when combined
with a motion planner. Minimizing the aforementioned cost
function results in an optimal control input that ensures that
the reference roll angle is tracked with a minimal error while
the influence of the active suspension forces on the pitch (θ
and θ̇) and heave (z and ż) motions and the control efforts are
kept reasonably low. The values of the weighting parameters
are presented in Table I.
D. Explicit Initialization
The numerical optimization process for solving the OCP
described above is accelerated with an explicit initialization technique. A hybrid MPC is developed for this purpose. By approximating the nonlinear dynamics with multiple
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Slices of the 3-D lookup table for the purpose of explicitly initializing the optimization problem in NMPC.

linear modes under a piecewise affine (PWA) formulation,
we formulate the OCP as a mixed-integer quadratic programming (MIQP) problem that can be solved efficiently [25].
Given finite modes and prediction steps, the MIQP problem
contains finite binary and continuous variables. It is therefore possible to solve the problem in finite time by naive
enumeration of all combinations of the binary variables. The
branch-and-bound algorithm only has to do so in the worst
case [26]. This feature allows the MIQP problem to be solved
with guaranteed global optimality given sufficient computational effort, which is not a problem for offline preparation.
Nevertheless, the formulation of a hybrid model of the roll,
pitch, and heave motion is complex due to a large number
of modes. To overcome this, we divide the whole vehicle
body into four separate sprung masses, each suspended above
the corresponding wheel. Such dynamics are described with a
quarter-car model as




z ∗,k
z ∗,k+1
= A∗, j
+ B∗, j Fact, *,k + f ∗, j
ż ∗,k+1
ż ∗,k


  

z ∗, j,lb
zk
z
≤
≤ ∗, j,ub
(9)
ż ∗, j,lb
ż k
ż ∗, j,ub

MPC, 20 Hz in our case, is too low to capture such dynamics
without aliasing according to the Nyquist–Shannon sampling
theorem. Increasing the sampling frequency of the MPC to
200 Hz is unfavorable from the perspective of computational
complexity. The higher frequency vibration is outside the
frequency range of interest and has a limited impact on the
aspect of comfort that this article focuses on. Thus, the radial
dynamics of the tire is neglected. The OCP in the hybrid MPC
is formulated as

where j denotes the mode that the system operates in at step
k. For each mode j , a corresponding set of A, B, and f is
defined based on the PWA approximation of the suspension
forces. As Fig. 6 shows, the forces on the front and rear springs
and dampers are each divided into four sectors. Given the
independence between the spring and the damper, the hybrid
quarter-car model contains 16 modes. The decision is based
on the fact that most hydraulic dampers on passenger vehicles
have four operating modes, namely, the slow bump, fast bump,
slow rebound, and fast rebound. For sake of convenience,
we also divide the spring characteristics into four pieces. In the
hybrid model, the dynamics of the unsprung mass, including
the tire, wheel, and wheel hub, are neglected because of the
high modal frequency (100 Hz according to [27]) as a result of
the high stiffness-to-mass ratio. The sampling frequency of the

z FL,ref = z RL,ref = φref · B/2
z FR,ref = z RR,ref = −φref · B/2.

min Jhyb (Fact,∗ )
Fact,∗

s.t. Fmin ≤ Fact,∗ ≤ Fmax

(10)

where the cost function Jhyb is
k

J=


2
2
qz z ∗ − z ref,* + rhyb Fact,*
.

(11)

i=1

The resemblance of the OCP in the hybrid MPC to the one
in the NMPC is achieved by choosing the proper reference
and weightings. The hybrid MPC controls the height of the
sprung mass to follow a reference as

(12)

If all four suspensions track their reference height, the vehicle body would consequently track the reference roll angle.
The equivalence of weighting is given by
2
2
qz,hyb · z *,ref
= qφ,NMPC · φref
2
2
rhyb · Fact,*
= rNMPC · Fact,*
.

(13)

Given the identical penalty on the control effort in both
OCPs, the penalty on height tracking error should equal the
penalty on the consequent roll tracking error. The hybrid MPC
is implemented using the Multiparametric Toolbox [28] and
the OCP is solved on a uniform grid of the 3-D space of z ∗ ,
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TABLE II
C OMPARISON OF ROLL AND P ITCH M OMENT OF I NERTIA

ż ∗ , z ref, * and the initial output is evaluated by linear interpolation (see Fig. 7). In total, the OCP is solved 3549 times.
Using multiparametric optimization for generating the explicit
control low would reduce the loss optimality than the grid
approach but the computational time is observed to be too
high even for offline processing. Instead, we expect online
optimization to compensate for the loss of optimality.
Nevertheless, there are further fundamental differences
when modeling a rigid body with four separate point masses.
They should be carefully considered to avoid invalidating the
initialization scheme. First, the four sprung masses do not
yield precisely the actual moment of inertia of roll and pitch
when connected with rigid links. The comparison is given
in Table II. The mismatch in moments of inertia may cause the
hybrid MPC to demand a larger force than the actual optimal
force according to the NMPC’s OCP. Moreover, the quartercar models alone can by no means capture the load transfer
caused by planar accelerations. The load transfer influences
each individual quarter-car model as an external disturbance
and should be compensated for with


Fcomp,* = m s a y h cg − h cr /(2B) · sside

1, ∗ ∈ {FR,RR}
sside =
(14)
−1, ∗ ∈ {FL,RL}.
The compensatory component is added to the initial output by interpolating the hybrid OCP solutions to eventually
construct the starting point as
init
= Finterp,* + Fcomp,* .
Fact,*

(15)

The eventual starting point is expected to reduce the online
computational load and to serve as a valid control input by
itself. Relevant results will be presented in Section IV.
E. Nonlinear Programming Solver
From the starting point determined as described above,
local optimization is further performed to find the optimal
control input. We implemented the gradient descent method
with inexact (backtracking) line search [29]. To incorporate
the constraints on control inputs, a shrinkage of the step
length also happens when the current step size causes a
violation. The algorithm stops when the norm of the local
gradient is below a certain threshold, or when the number
of iterations exceeds a certain limit. The latter allows us to
balance between the performance gain and the computational
load, which can be exploited when running the controller with
limited computational resources.
III. S IMULATION S ETUP
The proposed control strategy is examined in a virtual
environment in multiple scenarios. The simulation platform

Fig. 8.

Road profiles of the proposed scenarios for the simulation study.

is IPG CarMaker, in which a passenger car’s dynamics is
modeled in detail and experimentally validated by DRiV
Incorporated, which includes validated sub-models of the
active suspension actuators. A virtual driver model controls the
vehicle’s longitudinal and lateral motion to follow the desired
route. It allows deviating from the lane center to reduce the
curvature of the path and the velocity is regulated such that
the acceleration stays within a predefined envelope. In the
simulation, the velocity-dependent curvature preview is implemented with a virtual road sensor, while in reality this may be
enabled by high-precision road maps and/or the environmental
perception systems on automated vehicles. The simulation is
initially executed on a desktop PC (3.7-GHz Hexa-core CPU
plus 64-GB DDR4 RAM) for understanding the behavior of
the system and tuning the parameters before moving to a hard
real-time platform (see details in Section III-C).
A. Scenarios
The system is supposed to operate on well-paved roads
only. We adopted three typical scenarios that are commonly
experienced in daily driving, namely, the highway, rural, and
urban scenarios. Highway driving mainly features sustained
cornering motion that changes gradually and the peak magnitude of the acceleration is rather low, too. The longitudinal
velocity would stay mostly constant. This scenario mainly tests
the system’s performance in terms of steady-state tracking.
Driving in urban areas is the exact opposite as it involves
sharp turnings with shorter duration and moderate magnitude,
in addition to the frequent changing of direction and speed.
It examines the system’s dynamic response to quick-changing
reference. In between is the rural scenario where mid- to
high-speed corners are common. The corners can be closely
adjacent to each other and the curvature varies continuously.
A higher magnitude of lateral acceleration than the other
scenarios may be observed. The paths of the vehicle in the
proposed scenarios are shown in Fig. 8.
B. Evaluation
The simulation study aims to evaluate the proposed system
from two perspectives: control quality and motion comfort. For
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Fig. 9.
Schematic drawing of the HIL experiment setup explaining the
functions of each platform and the communications between the platforms.

control quality, we focus on the tracking error of the roll angle,
specifically, the root-mean-square (RMS) value of the error
signal. Motion comfort, on the other hand, is a more comprehensive quality to quantify and measure. Extensive guidelines
of comfort evaluation subject to mechanical vibrations can be
found in ISO 2631-1. However, the proposed method only
aims to reduce the lateral acceleration exerted on the occupant
to mitigate motion sickness. Thus, we adopt the frequency
weighting proposed in [30] for motion sickness induced by lateral oscillations. A virtual inertial measurement unit (IMU) is
placed at the approximate position of the otolith organs of the
occupant. The IMU’s orientation is fixed to the vehicle body,
assuming that the occupant is relevantly static to the vehicle.
In addition to examining the RMS value of the sensed lateral
acceleration, we further take into account the human body’s
sensitivity to vibrations with different frequencies. The lateral
acceleration signal’s power distribution (PSD) is calculated
first before the aforementioned weighting is applied. To help
demonstrate the performance of the NMPC method, we also
included a PID-based curve tilting controller as the baseline.
The PID controller is accompanied by the same disturbance
compensating input as a feed-forward term that counteracts
lateral load transfer. The PID output is bounded according to
the actuators’ capability and its integral component resets to
zero once the reference roll angle starts to change. This helps
combat the windup issue due to the relatively large integral
gain. The PID controller is tuned per scenario to maximize
its performance while the weighting parameters in the NMPC
remain constant. Additional simulation runs are performed
using the output of the explicit initialization as control input
such that the validity of the initialization scheme is verified.
C. HIL Setup
To further validate whether the control method is efficient
enough for real-time implementation with limited computational resources, the simulation runs have been repeated
on an HIL setup (see Fig. 9). The controller is compiled
on a dSPACE MicroAutoBox II, which carries a singlecore 900-MHz processor and 16-MB random memory. This
device has been widely used in the industry to test proto-

Fig. 10. Variation in the comfort and control performance indicators when
different numbers of iterations in the nonlinear optimization are performed.
The term NI in the legends stands for “no initialization,” meaning the
optimization process starts from zeros.

type control algorithms. It yields a feasible performance for
industrial microprocessors targeting highly automated vehicles
(e.g., the quad-core 800-MHz NXP S32S247). The simulation
environment is compiled on the dSPACE DS1006 processing board (quad-core 2.8-GHz CPU, 1-GB DDR2 RAM).
The two devices communicate via a CAN bus, on which
the virtual vehicle exchanges the controller’s command with
the necessary measurements. The communication operates at
20 Hz, identical to the controller’s sampling frequency, while
the vehicle dynamics are updated at 1 kHz. Also included
in the HIL setup is the Delft Advanced Driving Simulator
(DAVSi) [31], which mainly consists of a mock-up of the front
half of a Toyota Yaris and a hexapod motion platform driven
by six linear motors. The experiment runs in hard real-time
mode, where if the turnaround time of the controller exceeds
the sampling time, the simulation is terminated immediately.
IV. R ESULTS AND D ISCUSSION
A. Numerical Performance
The NMPC’s solver settings influence the trade-off between
computational effort and performance. The key parameter in
our case is the number of iterations. This parameter is varied
between 2 and 64. The corresponding performance indicators
are shown in Fig. 10. The contribution of the initialization
scheme is apparent. After a small number of iterations,
the tracking error and the resultant lateral acceleration do
not decrease steeply anymore. Performing more iterations is
not significantly beneficial especially when considering the
limited computational resource for real-time implementation.
In the more dynamic scenarios, the tracking error starts to
grow at a larger number of iterations. This is partly due to
the assumption that the disturbances are constant throughout the prediction horizon whose validity diminishes in this
scenario. Another part of the contribution comes from the
potential model mismatch. It is nevertheless challenging to
formulate a compact prediction model to capture all the
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TABLE III
C OMPARISON OF THE T RACKING P ERFORMANCE OF THE C ONTROL M ETH ODS U SED IN S IMULATION

Fig. 11. Roll angles of the vehicle body per simulation scenario. In each
sub-graph, the roll angles of a vehicle with passive suspension and with active
suspension using different methods are compared against the reference value.

complex multibody dynamics of a passenger vehicle. Because
the equivalent moments of inertia in the initialization scheme
are higher, the starting point of the optimization is likely to
yield a higher control effort. This is on some occasions helpful
in reducing the tracking error. By further optimizing the control inputs, the control effort would decrease while allowing
marginally larger tracking error. The trend is different when
the NMPC solver starts from all zeros, where both indicators
keep decreasing up to 64 iterations. Though a comparable
performance level is only achieved at 64 iterations, illustrating
the contribution of the initialization scheme. Eventually, eight
iterations are chosen for further analysis. With this setting,
a worst case turnaround time of 43 ms has been observed in the
HIL experiment. This is lower than the sampling time of the
controller, 50 ms, proving that the proposed NMPC controller
is capable of real-time implementation.
B. Control Quality
The simulation results for the three scenarios in terms of
roll tracking are shown in Fig. 11. The RMS tracking error
per control method per scenario is compared in Table III. In the
highway scenario, the reference roll angle stays constant for
long periods of time, allowing the integral action of PID to
correct the error. The model-based approaches, i.e., the explicit
control and NMPC, yield a constant tracking error due to
potential model mismatch. This disadvantage becomes less
obvious in rural and urban scenarios, where the reference roll
angle varies more frequently. The integral action is not given

Fig. 12. Lateral accelerations per simulation scenario. In each sub-graph,
the lateral acceleration exerted on the occupants on a vehicle with passive
suspension and with active suspension using different methods is compared
against the lateral acceleration of the vehicle body.

sufficient time to bring down the error before the reference
value changes. The quicker response of explicit control and
NMPC contributes in these situations to the reduction of the
error, demonstrating the superiority of the prediction over the
reaction in a more dynamic environment. These two methods
show minor non-minimum-phase behavior at the beginning of
a changed reference, though. Because when the vehicle leaves
a steady-state cornering motion, the assumption of constant
lateral acceleration through the prediction horizon does not
hold. The actual lateral acceleration experienced by the vehicle
is lower than what the controller expects. Hence, the controller
commands a larger force than the actual need.
C. Motion Comfort
The lateral acceleration sensed by the occupants is shown
in Fig. 12, indicating their level of discomfort. Table IV
compares the lateral acceleration sensed by the occupant, with
and without the curve tilting function and using different
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Frequency-domain power distribution of the lateral acceleration sensed by the occupant.

TABLE IV
C OMPARISON OF THE M OTION C OMFORT IN T ERMS OF RMS L ATERAL
A CCELERATION U SING D IFFERENT C ONTROL M ETHODS U SED IN S IM ULATION

control methods. The body of a passive vehicle leans away
from the curvature center when cornering, slightly magnifying
the lateral acceleration on the occupant. The effectiveness of
the tilting functionality is significant in the highway scenario
where all control methods achieved a reduction in lateral
acceleration by 40%. In rural and urban scenarios, the benefit
of the system decreases to the range of 20%–25% due to
multiple reasons. On one hand, the absolute magnitude of the
reduction in lateral acceleration is limited by the roll angle
available. The same amount of reduction becomes less obvious
on a relative scale when the actual magnitude is larger. On the
other hand, the system is not able to respond sharply to the
highly dynamic planar motion. The roll velocity is penalized
to ensure a gentle transition and avoid introducing another
source of discomfort. Even the predictive control methods are
only reacting to a change in reference. Though according to
the RMS acceleration the advantage of using NMPC over PID
is only marginal, in contrast to the more visible improvement
in terms of tracking accuracy. This is primarily because the
RMS value is more sensitive to the higher amplitude part
of the signal. The higher amplitude is usually coupled with
steady-state tracking of saturated reference roll angle, which is
a result of limited roll angle allowed by the suspension geometry. NMPC outperforms PID mainly in transient response
when the actual lateral acceleration is relatively low. The

phase lead of the reference generator also helps mitigate the
negative impact of the PID’s slower response on the resulted
comfort quality. Nevertheless, the trend is consistent between
Tables III and IV that NMPC’s advantage over PID is more
obvious in more dynamic driving scenarios. In addition to the
RMS value of the sensed acceleration, we further analyzed
the signal’s property in the frequency domain. The power
spectral density is computed and weighted according to the
recommendations in [30], which indicates a higher influence in
the low-frequency range up to 0.25 Hz. The resulting weighted
PSDs are displayed in Fig. 13. With the actively controlled roll
motion, a significant improvement is observed in the frequency
range of up to approximately 0.1 Hz in all three scenarios.
Though the active control on the roll motion slightly elevates
the high-frequency components in the highway scenario where
the passive motion is steady.
V. C ONCLUSION
A. Contributions
This article presents an NMPC strategy for the curve tilting
functionality using active suspensions. The application mainly
aims to exploit the full potential of the concept on automated
passenger vehicles in the future, where the predictive feature of
the NMPC can be joined by the motion planning algorithm.
To tackle the commonly reported challenge of reducing the
computational load for solving the OCP online, we proposed
an explicit initialization scheme. By precomputing a lookup
table offline, the starting point of the nonlinear optimization
is quickly determined by 3-D linear interpolation. The lookup
table results from a hybrid modeling method of the quarter-car
dynamics with highly nonlinear suspension forces. Based on
this model, a hybrid MPC problem has been formulated,
reflecting the same objectives and weightings as in the NMPC.
The alternative OCP is solved on a wide range of initial and
reference states to form a lookup table. The output of the
interpolation is further combined with disturbance compensation, which estimates and counteracts the influences of load
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transfer that are not captured by the quarter-car model. The
eventual starting point is supposed to yield a valid control
input. Simulation shows that controlling the suspensions with
the initialization scheme already enables the desired functionality. Further performing the online optimization in NMPC
improves the transient response and reduces the tracking
error. The NMPC approach yields a better overall tracking
performance in all three driving scenarios (12.9%, 16.4%, and
38.0% smaller, respectively) albeit being slightly outperformed
by PID in steady-state tracking where the integral action is
highly beneficial. HIL experiment on limited computational
resources confirms the real-time capability of the proposed
method, whose parameters are chosen to balance the additional
computational effort and the marginal performance gain. Also,
thanks to the explicit initialization scheme, the NMPC solver’s
computational load is reduced significantly compared with
starting the optimization from zeros.
B. Limitations and Future Works
The current study shows certain disadvantages. Neglecting
the dynamics of the unsprung masses implies that the performance may not be as satisfactory when driving on a rough
road. Nevertheless, the major source of discomfort under such
circumstances would be the vertical excitation instead of the
lateral acceleration. The HIL simulation reveals that the full
capability of the NMPC scheme is not yet fully realized with
the hardware available to us. The computational capability
of the HIL hardware, released in 2010, is not representative
of what could be available on the latest highly automated
vehicles, given the rapid development in high-performance
automotive microcontrollers. It is interesting to investigate
whether the numerical efficiency could be boosted with parallel computing on multi-core microcontrollers. For industrial
applications, the code would be further optimized for efficiency and could run faster than in the rapid-prototyping phase.
Such advances may allow a more complex prediction model
in the NMPC although the model validation process would
become more challenging, too. Another limitation of the article
is that the comfort aspects are only measured with arbitrary
indicators. In the future, we plan to perform subjective comfort
studies using an experimental vehicle. The latter also allows to
fine-tune the vehicle’s tilting behavior and helps validate the
control quality of the proposed method. Finally, the current
system would be combined with a comfort-oriented motion
planning algorithm. It enables a more accurate estimation
of the disturbances from the planar motion and the optimal
generation of reference roll motion.
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